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� Ý Æ�ÎwÏ{ÎSÔ´Ñ]ÇJÔxÊPÉ�Ï}â���ËSÔxÑ�ÏPÆ�ÇJÉ�È�ÊºÔ�ÎSÈ{ÚäËwÌ:Ñ]ÇJÈPÉ�ÖHËHÏ{É�ÖLÇæÖSÇ`Ò�ÜÏPÎLÈ{ÊzÈ{ÇJÊ Ý ÇJÒ�Ï{É�ÖLÇnÌ�âSßàQÎSÚ ÕxÉ�Ô�É�Ô�× ÏPÆ�ÇºÙ[å6ß � ôf��èvÙ[å6ß � ÷g�[ËSÔxÑ^ËSÑxÑ]É�Ôx×ÍÏPÆ�Ç)É�Ô]ÜÏPÇJÈTÐlËLÒ©Ç�Ò©ÎSÔDÑ]É�Ï{É�ÎLÔxÊæÙQåDß � ø��ÍÎLÔ�Ç²Û�É�Ì�Ìr×SÇnÏ�ËìÊPâ]Ê}Ï{ÇnÚ�ÎwÐÇJåFÓxËwÏPÉ�ÎSÔxÊzÈ{ÇJËLÑ]â�Ð¸ÎSÈzÏ{Æ�ÇæÊPÎSÌ�Ó]ÏPÉ�ÎSÔ � ÊPÇnÇÍÙ[å6ß � ø`ü ��ß

»©»©»?¼Q�rÄ�½:Äj¾ � �5� ����� ½�¾�¿ � ��¿ ����� ½£¾	�v¾�Ä¸À:½ÅzÆ�ÇÕDÎLÓ�ÔxÑ�ËSÈPâ �FÖHËSÌ�Ó�Ç Ý È{ÎSÕ�Ì�ÇnÚ Ð¸ÎSÈ�ÏPÆ�Ç�ÞAÙ�ÊPÓ�Õ��È{Çn×SÉ�ÎSÔ�ÉjÊ0Ñ]Ç©òDÔ�ÇJÑVÕFâ+Ï{Æ�ÇµÊPÇJÒnÎSÔxÑ��FÎSÈ�Ñ]ÇJÈ²Ñ]É�þ6ÇJÈPÇJÔLÏ{É�ËSÌÇJåFÓxËwÏPÉ�ÎSÔµó�
?õ
−
∂

∂x

(

D
∂Φ

∂x

)

−
∂

∂y

(

D
∂Φ

∂y

)

+ k2Φ = 0
� ù��

É�Ô+ÒnÎSÔ�}Ó�ÔDÒ�ÏPÉ�ÎSÔ¯Û�É�Ï{ÆêÏ{Æ�Ç0ÕDÎLÓ�ÔxÑ�ËSÈPâ�ÒnÎSÔxÑ�É�Ï{É�ÎLÔxÊ � ÊPÇnÇÞAÉ�×DßDôf�G�
Φ = Φ0 on Γ and

∂Φ

∂n
= ψ on Γi

� ý �
ÅzÆ�Ç ÇJåFÓ�É�ÖHËwÌ�ÇnÔFÏ�Ö?ËSÈPÉjËHÏ{É�ÎLÔxËwÌ Ý È{ÎSÕxÌ�ÇJÚ Ð¸ÎSÈ�Ï{Æ�Ç
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Õ6ÎSÓ�ÔxÑxËwÈ{âf�vÖHËwÌ�Ó�Ç Ý ÈPÎLÕ�Ì�ÇJÚ Ñ]ÇnòxÔ�ÇJÑ0ËSÕDÎHÖLÇºÉjÊ�×SÉ�ÖSÇJÔ²Õvâ
δF (Φ) = 0 Φ = Φ0 on Γ

� üg�
Û�Æ�ÇJÈPÇ
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D
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Z
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∂Φ
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„

∂Φ

∂y

«2
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2Φ2
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Γi
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Å:Î8Ñ]ÉjÊPÒnÈPÇnÏPÉ��nÇ�Ï{Æ�Ç+Ð¸Ó�ÔxÒ©ÏPÉ�ÎSÔxËSÌ � 
r�©è�Ï{Æ�Ç·Þ�Ù�ÊPÓ�Õ��È{Çn×SÉ�ÎSÔ¨ÉjÊ´Ñ�É�ÖvÉjÑ]ÇJÑ¨É�ÔFÏPÎ
M

ÇJÌ�ÇJÚ�ÇnÔFÏ{ÊµËwÔxÑ8É�ÔFÏPÇJÈTÐlËLÒ©ÇÕ6ÎSÓ�ÔxÑxËwÈ{â
Γi
� ÊTÇJÇìÞAÉ�×Dß ø���ÉjÊäÕ�È{ÎSïLÇnÔ+É�ÔFÏPÎ

Mi

ÊTÇJ×wÜÚ�ÇnÔFÏ{ÊJß�� ÊPÓxËwÌ�Ì�âSè
M
ÉjÊBÚ ÓDÒ�Æ�ÌjËwÈ{×SÇJÈOÏPÆxËSÔ

Mi

ß���É�ÏPÆ�É�ÔÇJËLÒ�Æ�ËSÈPÇ`Ë ÇJÌ�ÇJÚ�ÇnÔFÏJè]Ï{Æ�Ç�òxÇJÌ�Ñ�ÉjÊzÇ©í Ý È{ÇJÊ{ÊTÇ`Ñ²ËSÊ
Φ(x, y) =

6
X

i=1

N
e

i
(x, y)Φe

i
= {Ne}T {Φe} = {Φe}T {Ne} �����

ËSÔxÑ^ÎLÔ^ÇJËLÒ�Æ^Ì�É�Ô�Ç�ÊTÇJ×SÚ�ÇnÔFÏrÎSÔ^Ï{Æ�Ç)É�ÔFÏPÇJÈTÐlËLÒ©Ç ÏPÆ�ÇºòxÇnÌjÑÉjÊ�Ç©í Ý È{ÇJÊ{ÊTÇ`Ñ²ËLÊ
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i
}

T
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i
} = {Φ

i
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T
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i
} �����

� ÊPÊPÓ�Ú�É�Ô�×8ÏPÆxËwÏ�ÏPÆxÇ%É�ÔFÏ{ÇnÈPÐlËSÒ©Ç·Õ6ÎSÓ�ÔDÑ�ËwÈ{â
Γi

É�ÊêËÊTÚ�ÎvÎwÏ{Æ Ò©ÎLÔFÏPÎSÓxÈJè�Ï{Æ�Ç Ô�ÎSÈ{ÚäËwÌ·Ñ]ÇnÈ{É�ÖHËwÏPÉ�ÖSÇ ÎSÐ�ÏPÆ�ÇÕDÎLÓ�ÔxÑ�ËSÈPâ0òxÇJÌ�Ñ£è£Û�Æ�ÉjÒ�Æ´ÉjÊ
ψ
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3
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N
i

i
(x, y)ψi

i
= {Ni}T {ψi} = {ψi}T {Ni} �������
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f��è�ÛrÇ�ÎSÕ]Ï�ËwÉ�Ô

F =
1

2

M
∑

e=1
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{Φi}T [Bi]{ψi}
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∫
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{N i}{N i}T dΓi
� ø`ô �
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F =

1
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{Φ}T
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A(FE)
]

{Φ} + {Φ}T
[

B(FE)
]

{ψ}
� ønùg�

Û�Æ�ÇnÈ{Ç
A(FE) ÉjÊ�ËwÔ N ×N

ÊPåFÓxËSÈPÇæÚäËwÏPÈ{É�í�è
B(FE) É�ÊËwÔ

N×Mi

È{ÇJÒ©Ï{ËwÔx×SÓ�ÌjËwÈ�Ú�ËwÏPÈ{É�í�è
Φ
É�ÊOË�Ò©ÎLÌ�Ó�Ú�Ô�ÖSÇJÒ©ÏPÎLÈÈPÇ Ý ÈPÇ`ÊTÇJÔFÏPÉ�Ô�×�ÏPÆ�ÇæÔxÎvÑxËwÌ£ÖHËwÌ�Ó�Ç`Ê�ÎwÐOòxÇJÌ�Ñ0É�ÔFÏPÇnÔDÊTÉ�Ï}â�ËSÔxÑ

ψ
É�Ê Ë�ÒnÎSÌ�Ó�Ú�Ô�ÖSÇ`Ò�ÏPÎLÈzÈPÇ Ý ÈPÇ`ÊTÇJÔFÏPÉ�Ô�×�ÏPÆ�ÇÍÔ�Î]Ñ�ËSÌ£ÖHËwÌ�Ó�ÇJÊÎwÐ ∂Φ
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ÔxÎvÑ�ÇJÊ�ÎwÐ�Ï{Æ�Ç[É�ÔFÏPÇnÈPÐlËSÒnÇSß(' É�þ6ÇJÈPÇJÔFÏPÉjËHÏTÜÉ�Ô�×
F
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Ï{Æ�Ç�ÈPÇ`ÊTÓ�Ì�ÏPÉ�Ô�×�Ç©í Ý È{ÇJÊ{ÊTÉ�ÎSÔ´ÏPÎ �nÇJÈPÎ�âvÉ�ÇJÌ�ÑxÊ)Ë0ÊPâ]Ê}Ï{ÇnÚ�ÎwÐÌ�É�ÔxÇJËwÈ�Ç`åFÓxËHÏ{É�ÎLÔxÊ
A(FE)Φ(FE) + B(FE) ∂Φ(FE)

∂n
= 0
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