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Abstract — This paper presents higher-order Finite-
Difference Time-Domain (FDTD) methods with 2" -
order of accuracy in time and 6™-, 8"—order of accuracy
in space for calculating lightning-induced voltages on
power lines. Comparisons between numerical solutions
using various numerical schemes are illustrated on
graphs. It is shown that the results obtained by using the
highest-order scheme have the highest accuracy. This
algorithm can be improved as a new basis for solving
general EM coupling or telegraphy equations.
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|. INTRODUCTION

HE voltages induced by electromagnetic fields

radiated by exciting sources as lightning, antenna

or a nuclear detonation on power lines represent
problems that are considered by many authors all over
the world [1]-[4]. The calculation is based on solving
EM coupling equations of transmission line using
analytical methods [1]-[2] or FDTD method [3]-[4]
with the standard scheme (2,2).

In this paper, we proposed a higher-order FDTD
method [FDTD(2,6), FDTD(2,8)] for solving EM
coupling equations by their discrete approximation at
every position along the line and the time. The
algorithm is based on higher-order schemes for
voltage and current variables expanded by Taylor
series after the second order truncating term. The
results are discussed.

Il.HIGHER-ORDER FDTD SCHEMES

Using Taylor series expansion, we can obtain
higher-order finite difference formulae for partial
derivatives around grid points of our interest.

The expansions of Taylor series for a function
f(x,t) are expressed as:

2 3
bt and, + U g (42:0 f
4 5 6
1

+ (4AX) fXXXX - (4AX) fXXXXX (4AX) fXXXXXX ( )

a1 51 6!

7 8
i (4AX) fXXXXXXX (4AX) fXXXXXXXX R
7 81

Vu Phan Tu is with the Department of Power System,
HoChiMinh  City  University of Technology, Vietnam.
(tuvuphan@Yahoo.com).

Josef Tlusty is Prof. Dr with the Department of Electrical Power
Engineering, Czech Technical University in Prague, Czech

Republic. (tlusty@feld.cvut.cz)

2 3
(3§T) fXX i (32):) fXXX
.\ (SAX)4 : (3Ax)5 ¢ 4 (SAX)6 2
4 ! XXXX — 5 ! XXXXX 6 ! XXXXXX
(3Ax )7 (3Ax )8
7 ! XXXXXXX 8 !
(2Ax )2

f

= f, £3AXf, +

k+3

+ f

XXXXXXXX ** "

3
fxx x (ZAX) fxxx
3!

o, = f, £ 20F, +

k+2

(2Ax)4 (ZAX)5 ; (2Ax)6 3)
+ 4 ! XXXX = 5! XXXXX 6 ! XXXXXX

(2Ax)8

XXXXXXX + XXXXXXXX " * 7
7! 8!

2 ) 3 4
k1 = fk * AXfx + (AX) fxx * (AX) fxxx + (AX) fxxxx
2! 3! 4!

Mf (Ax)7 ; . (AX)

+ -7
XXXXXX 7 ! XXXXXXX 8!

8

f

XXXXXXXX "

(4)

fo =, ®)

The spatial derivative expressed in the form of a

linear combination of the function values at the nodal
points are [5]

% f=o.f,+a,f, +o.f +a,.f  +a.f_, (6)

From (3)-(6) the fourth-order centered-difference
approximations for the first and second-order spatial
derivatives of a function f(x,t) at grid point (k,n) are
found as [6]

i f(x.t)= — fkn+2 +8fkn+1 _8fkn—1 + fkrlz , @)
ox 12Ax
i F(xt) == fl, +16f7, —30f" +16f", — ", (8)
ot 12Ax3

For finding finite difference formulae of higher
accuracy, the spatial derivative can also be expressed
in the same way as in (6), with higher-order truncating
term given as

0
x f=a. s+ fi,+afi+a.f 9)
+ao5.f,+oa,.f,+a,.f .

From (2)-(5) and (9) we obtain the sixth-order
centered-difference approximations for the first and
second-order spatial derivatives of a function f(x,t) at
grid point (k,n) as
of (x.1) _ fes—9f%, +4517, —45€%, +9f7, — £, , (10)
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In same way as in (6) and (9), the eighth-order

finite difference approximation of the spatial
derivative is written as

of

&:al'kaA oyttt oty (12)

tag. f, +og. T +o. B, +og. T s+ a1,y
From (1)—(5) and (12) we obtain the eighth-order
centered-difference approximations for the first and
second-order spatial derivatives of a function f(x,t) at
grid point (k,n) as [9]

O oty =L -3f, +321",-168f,", + 6721,
ox 7 BADAX|+3f!, —32f", +168f, —6721,",
(13)
, -9f", +128f",-1008f,",
0
— f(x,t)=———| +8064 ", —14350f," +8064 f,"
ox? (x.1) 5040Ax’ K “ “

-1008f,", +128f,", - 91,
(14)
I1l. HIGHER-ORDER FDTD FOR EM COUPLING
EQUATIONS

A. EM coupling equations of single-phase line

Observation
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Fig.1. Lightning return stroke nearby transmission line.

The equations of a lossless multiconductor
transmission line including EM coupling are expressed
as follows [3]:

Vi (xt) @ _F 15
P~ +|_at 1(x,t)=E (x,h,t) (15)
A, V(XD (16)

ox ot

where L and C are the per-unit length inductance and
capacitance matrices of a the three-phase line, see
[11], 1(xt), V°(x,t) the column vectors of scattered
voltages and currents along the lines and E',(x,h,t) the
column vectors of the incident horizontal electric field
along the x axis at the height of the conductor of the
three-phase line [2].

After differentiating (15) and (16) with respect to
variable x, these EM coupling equations may be
rewritten as [3]

2\ /s 2\ /s i
oV (Zx,t) _Lca \Y (Zx,t) _ OE, (x,h,t) , 17)
OX ot OX
2 2 i
0 I()i’t)—CLa I(>2<,t) :_CaEX(x,h,t)_ (18)
OX ot ot

Writing the Taylor series for the functions of
voltage and current for the time variable with second-
order truncating term:

S 2 A2\ /s
VE(at) = Vi(x.ty) + at D AU IVIGY | 43 (19)
a2 a
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Substituting temporal derivatives of voltage and
current from (15)—(18) into (19)—(20) we obtain

VE(x,8) = VE(x, L) _Atc,l(al(x,t)j+

1(x,t) = 1(x,t,) + At +0(t%) - (20)

ox (21)
Atz(Lc)fl 82VS(th) _6Elx (X,h,t) +O(t3)
2LC ox? ox |
1(x,1) = 1(x,t,) +AtL1[EL(x,h,t) - av;(xx,t)j (22)
Atz (CL)*l azl(xyt) +C6E'X (X,h,t) +O(t3)
2 ox2 ot .

B. Solutions Using FDTD(2,6) Scheme
The second-order formula to the first-order
temporal derivative of the incident horizontal electric
field reads
Ere —Exi
2At
We apply sixth-order formulae (10)-(11) to the
first and second-order spatial derivatives of voltage
and currents and put them into (21)—(22). Now they
are written in the FDTD form as
IE+3_9|E+2+45|E+l_45|3—1+9|2—2_I:—B
60AX ]
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C. Solutions Using FDTD(2,8) Scheme

We express the first and second-order spatial
derivatives of voltage and currents from eighth-order
formulae (13)—(14) and insert them into (21)—(22) so
that

ma _ g AC* (=3I, +321 ~1681, , + 6721},
© T 840AX( 4317, — 3217, +16817 , —67217
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D. Boundary conditions:

The boundary conditions at two line terminations
for scattered voltages are

h
VAR j EL(0,0,t)dz—Z 1", » (28)
0

h
Vi = [EJ(LO0dz+Z, 17, (29)
0

where E',(x,z,t) is an incident vertical electric
field, see [2] and Zo,, Z_ denote the
impedance matrices at two line terminations.

IV. TOTAL INDUCED VOLTAGES

The total induced voltage at each observation point
along the line can be expressed by the sum of scattered
voltage and the finite integral of incident vertical
electric field that is also called incident voltage, see [1]

VT(x,t):Vs(x,t)—leiZ(x,h,t)dz (30)

=V (x,t) + V' (x,1)
where V/'(x,t) is the incident voltage.

V.NUMERICAL RESULTS

We consider an example [1], in which the height of
the overhead line is 10 m and its length is 1 km. The
lightning striking point has X, = -500 m and y, = 50 m
as indicated in Fig. 1. This current has a peak value of
12 kA, a maximum time-derivative of 50 kA/ps, a
return-stroke velocity of 1.3-10° m/s. Components of
the horizontal and vertical fields of lightning are
calculated from analytical formulations in [2].

Calculated results of three components of
lightning-induced voltages at observation points along
the lossless transmission line using (2,8) FDTD
method are illustrated in Figs. 2-4. Curve 3 is the
scattered voltage that is computed from EM coupling
equation of transmission line adding boundary
conditions at two line terminations, curve 2 is the
incident voltage that is computed from the incident
vertical electric field and curve 1 is the total induced
voltage that is calculated by sum of curves 2 and 3. In
these figures we can show that the components of the
incident voltage and total induced voltage are always
positive waveforms, but the component of scattered
voltage can be unipolar or negative waveforms that
depend on observation points along the line.

Higher-Order FDTD Solutions of Lightning-Induced Voltages
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Fig.2. Higher-Order (2,8) FDTD solutions of induced voltages at x =
Om
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Fig.3. Higher-Order (2,8) FDTD solutions of induced voltages at x =
500 m

Higher-Order FDTD Solutions of Lightning-Induced Voltages
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Fig.4.  Higher-Order (2,8) FDTD solutions of induced voltages at
X =1000 m

Results of comparisons between various higher-
order FDTD solutions of total induced voltage at three
observation points along the line are illustrated in
following Figs .5-7. Curve 4 is a solution using (2,2)
FDTD scheme, curve 3 uses (2,4) FDTD scheme,
curve 2 uses (2,6) FDTD scheme and finally curve 1
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(2,8) FDTD scheme. It can be seen that the error
between solutions of peak values is largest at two line
terminations and will decrease toward the middle of
the line. (2,8) FDTD scheme for computing lightning
induced voltages provides the highest accuracy.
Higher-Order FDTD Solutions of Lightning-Induced Voltages
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Fig.5. Comparison between (2,2), (2,4), (2,6) and (2,8) FDTD
solutions of total induced voltages at x =0 m

Higher-Order FDTD Solutions of Lightning-Induced Voltages
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Fig.6. Comparison between (2,2), (2,4), (2,6) and (2,8) FDTD
solutions of total induced voltages at x = 500 m

Higher-Order FDTD Solutions of Lightning-Induced Voltages
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Fig.7. Comparison between (2,2), (2,4), (2,6) and (2,8) FDTD
solutions of total induced voltages at x = 1000 m

VI. CONCLUSION

The FDTD methods with standard scheme are
popular for computing technical problems. In this
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paper, higher-order FDTD formulae derived from the
Taylor series expansion with second-order accuracy in
time and fourth-, sixth-, eighth-order accuracy in space
are presented. However, the fourth-, sixth- and eighth-
order finite difference formulae of the temporal
derivatives are found in the same way as the spatial
derivatives. They can be used for calculating problems
in fields of mechanical engineering, fluid dynamics,
electromagnetic fields... It can be shown that the
calculated results reach the highest accuracy when we
use higher-order (2,8) FDTD scheme. This algorithm
can be used for solving general EM coupling or
telegraphy equations on lossy or lossless transmission
lines above ground of finite electrical conductivity.
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